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^ ! Abstract 

^vq ■ This paper is a companion to our earlier work pQ in which the projective su- 

perspace formulation for matter-coupled simple supergravity in five dimensions was 
presented. For the minimal multiplet of 5D J\f = 1 supergravity introduced by 
Howe in 1981, we give a complete solution of the Bianchi identities. The geometry 
of curved superspace is shown to allow the existence of a large family of off-shell su- 
permultiplets that can be used to describe supersymmetric matter, including vector 
multiplets and hypermultiplets. We formulate a manifestly locally supersymmet- 
ric action principle. Its natural property turns out to be the invariance under 
so-called projective transformations of the auxiliary isotwistor variables. We then 
demonstrate that the projective invariance allows one to uniquely restore the action 
functional in a Wess-Zumino gauge. The latter action is well-suited for reducing the 
supergravity-matter systems to components. 
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1 Introduction 

In our recent paper p], the projective superspace formulation for matter-coupled sim- 
ple supergravity in five dimensions was presented. Building on the earlier work of [2] , Ref . 
p] provided the first solution to the important old problem of incorporating supergrav- 
ity into the projective superspace approach [3l H]. The latter is known to be a powerful 
paradigm for constructing off-shell rigid supersymmetric theories with eight supercharges 
in D < 6 space-time dimensions, and in particular for the explicit construction of hy- 
perkahler metrics, see, e.g., [5]. In P, we introduced various supermultiplets to describe 
matter fields coupled to supergravity, stated the locally supersymmetric action princi- 
ple in the Wess-Zumino gauge, and constructed several interesting supergravity-matter 
systems. 
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The present paper, on one hand, is a companion to [TJ. Here we derive those technical 
details that were stated in pQ without proof. In particular, we show that the requirement 
of projective invariance allows one to uniquely reconstruct the locally supersymmetric 
action in the Wess-Zumino gauge. On the other hand, this paper contains an important 
new result. Specifically, we formulate a manifestly locally supersymmetric action that 
reduces to that given in [I] upon imposing the Wess-Zumino gauge. This result completes 
the formal structure of 5D M = 1 superfield supergravity. 

Before turning to the technical aspects of this work, we would like to give two general 
comments. First, five-dimensional J\f = 1 super gravity^! [6] and its matter couplings have 
extensively been studied at the component level, both in on-shell El E] and off-shell 
[TOf m] [12] settings. It is thus natural to ask: Are there still good reasons for developing 
superspace formulations? We believe the answer is "Yes." There are several ways to 
justify this claim, and the most practical is the following. Unlike the component schemes 
developed, superspace approaches have the potential to offer a generating formalism to 
realize most general sigma-model couplings, and hence to construct general quaternionic 
Kahler manifolds. It is instructive to discuss the situation with hypermultiplets. In the 
component formulations^ of [TUJ, [TT], one makes use of an off-shell realization for the 
hypermultiplet with finitely many auxiliary fields and an intrinsic central charge. As is 
well-known, it is the presence of central charge which makes it impossible to cast general 
quaternionic Kahler couplings in terms of such off-shell hypermultiplets. On the other 
hand, the projective superspace approach offers nice off-shell formulations without central 
charge. Specifically, there are infinitely many off-shell realizations with finitely many 
auxiliary fields for a neutral hypermultiplet (they are the called 0(2n) multiplets, where 
n = 2, 3 ... , following the terminology of [13j ) , and a unique formulation for a charged 
hypermultiplet with infinitely many auxiliary fields (the so-called polar hypermultiplet). 

Our second comment concerns the choice made in this paper to use the projective 
superspace setting to formulate supergravity-matter systems. Why not harmonic super- 
space [TH [15] ? As is known, both approaches can be used to describe supersymmetric 
theories with eight supercharges in D < 6 space-time dimensions. There are, however, 
two major differences between them: (i) the structure of off-shell supermultiplets used; 
and (ii) the supersymmetric action principle chosen. It is due to these differences that the 
two approaches are complementary to each other in some respects. From the point of view 
of supergravity theories with eight supercharges in D < 6 space-time dimensions, har- 

historical grounds, 5D simple (J\f = 1) supersymmetry and supergravity are often labeled Af = 2. 
2 Refs. [TJ] deal with on-shell hypermultiplets only. 
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monic superspace offers powerful prepotential formulations [To^ [T7] . On the other hand, 
as will be shown in this paper, projective superspace is ideal for developing covariant geo- 
metric formulations for supergravity-matter systems, similar to the famous Wess-Zumino 
approach for 4D Af = 1 supergravity [IS] . The point is that projective superspace is a ro- 
bust scheme for supersymmetric model-buliding, see, e.g., [TS] for the recent construction 
of hyperkahler metrics on cotangent bundles of Hermitian symmetric spaces. 

This paper is organized as follows. In section 2 we provide a complete solution of the 
Bianchi identities for the superspace geometry corresponding to the minimal 5D M = 1 
supergravity multiplet [20J. In section 3 we formulate, following p], off-shell projective 
supermultiplets, and then construct a manifestly locally supersymmetric action. Sec- 
tion 4 is devoted to the technicalities of the Wess-Zumino gauge for supergravity. Sec- 
tion 5 demonstrates that the locally supersymmetric action in the Wess-Zumino gauge is 
uniquely determined from the requirement of projective invariance. Our 5D conventions 
and useful identities are collected in the appendix. 

2 Superspace geometry of the minimal supergravity 
multiplet 

In this section we present a complete solution to the Bianchi identities for the con- 
straints on the superspace torsions that were introduced by Howd^l in 1981 [20] and cor- 
respond to the so-called minimal 5D M = 1 supergravity multiplet Q The results of this 
section were used in [TJ without proof. 

Let z M = (x m , Of) be local bosonic (x) and fermionic (0) coordinates parametrizing 
a curved five- dimensional M = 1 superspace .M 5 ' 8 , where m = 0, 1, • • • ,4, jj, — 1, • ■ ■ ,4, 
and i = 1,2. The Grassmann variables Of are assumed to obey the standard pseudo- 
Majorana reality condition (Of)* — % ~ — e^e^ 0j (see the appendix for our 5D notation 
and conventions). Following [20], the tangent-space group is chosen to be SO(4, 1) x SU(2), 
and the superspace covariant derivatives V A = (T>a,T> l & ) = (X>a,X>a) have the form 



3 The choice of the constraints given in [5D] was motivated by the structure of the 5D Af — 1 super- 
current pT] , 

4 This supermultiplet was re-discovered almost twenty years later by Zucker [10] who essentially elab- 
orated the component implications of the superspace formulation given in [20] . 



v A = E A + n A + $ A + v A z . 
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Here E A = E A M (z) is the supervielbein, with = d/dz M , 

n A =~n/ e M i6 = n A frM h , M aS = -Af Sa , M &$ = M $& (2.2) 
is the Lorentz connection, 

$4 = $/ J kl , J kl = J lk (2.3) 

is the SU(2)-connection, and Z the central-charge generator, [Z, T> A ] = 0. The Lorentz 
generators with vector indices (M a g) and spinor indices (M & z) are related to each other 
by the rule: M~- b = (S^^^M^^ (for more details, see the appendix). The generators of 
SO(4, 1) x SU(2) act on the covariant derivatives as followso 

[ J k \ VI] = e^v\ , [M &$ , V k ] = e %& Vl } , [M &i , V £ ] = 2 V&[& V b] , (2.4) 

where J kl = e kt e l ° Jij. 

The supergravity gauge group is generated by local transformations of the form 

V A - V\ = e K V A e~ K , K = K d (z)V d + ^K%)M^ + K k \z)J kl + r{z)Z , (2.5) 

with all the gauge parameters being neutral with respect to the central charge Z, obeying 
natural reality conditions, and otherwise arbitrary. Given a tensor superfield U(z), with 
its indices suppressed, it transforms as follows: 

U -> U' = e K U . (2.6) 
The covariant derivatives obey (anti) commutation relations of the general form 

Pi, = T M 6 V d + \R k ^M,^ + R M kl J kl + F M Z , (2.7) 

where T A ^ C is the torsion, R A § kl and R A § cd the SU(2)- and SO(4,l)-curvature tensors, 
respectively, and F A g the central charge field strength. 

The Bianchi identities are: 

E PaA^b^c)} = 0, (2.8) 

(ABC) 

5 The operation of (anti)symmetrization of n indices is defined to involve a factor (n!) _1 . 
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with the graded cyclic sum assumed. The Bianchi identities are equivalent to the following 
equations on the torsion and curvature tensors: 

= E { R ABC b - VaTbc* + T A s% d °) , (2.9a) 

(ABC) 

= E { V aRbc H - T^Rdc" 1 ) > = E { V aRbc^ - TjufRf^) , (2.9b) 

[ABC) (ABC) 

= E { V A F bc - T A B b Fbc) , (2.9c) 

(ABC) 

where§ 

R abc D = R Ab PT ( M pt)c D + R AB M ( J ki) c D 7 (2.10a) 

[M h , V A ) = (M ifi ) A *V 6 , [J kh V a ) = (J k i)/V B , (2.10b) 

{Mpf)gr = fy&(i>4) 7 {M^)a b = (EaV , (J k i)J- = -4^Dj > i 2 - 1 ^) 

with the other components of (Mpr) c D an d (Jm)c D being equal to zero. 

Similar to the well-known case of four- dimensional M = 1 supergravity (see J22J [231 [21] 
for comprehensive reviews), the geometric superfields in (12.11) contain too many component 
fields to describe an irreducible supergravity multiplet. This can be cured by imposing 
covariant algebraic constraints on the geometry of superspace. In accordance with a 
theorem due to Dragon [25], it is sufficient to impose constraints on the torsion, since 
the curvature is completely determined in terms of the torsion in supergravity theories 
formulated in superspace. 

As demonstrated in [20], in order to realize the minimal supergravity multiplet in the 
above framework, one has to impose the following constraints on various components of 
the torsion of dimensions 0, 1/2 and 1: 

Tif = -2i^(I% , Ffy = -2ie^e &$ , (dimension 0) (2.11a) 
%t = T^ = Fl i = 0, (dimension 1/2) (2.11b) 

T a£ = T 4u £ k)i = 0. (dimension 1) (2.11c) 

Under these constraints, the Bianchi identities f|2.9al - [23c|) become non-trivial equations 
that have to be solved in order to determine the non- vanishing components of the torsion. 

6 The reader should keep in mind that we often use the condensed notation: A& = A l & and A— = Af. 
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2.1 The algebra of covariant derivatives 



In this subsection, we summarize the results of the solution to the Bianchi identities 
based on the constraints fl2.11al) - fl2.11cp . while the technical details will be given in the 
remainder of this section. 

The algebra of covariant derivatives has the form [T] 

{Pl,P|} = -2i £ ^-2i £ %^ 

+3ie & ^S kl J kl - 2i(£%(F. g + N a )j« 

-i r^'T'U,.,, + f' ? '' W '.V /(! T, ),,,,!/, + 4i S^M &0 , (2.12a) 

+ ( - ^ k E-J + \^ h )^ h F & 1 - -^fe^ 1 ).^ 

+ (^(ra)/^- ~(r 2 )/PjH + \(T*)^VIF^M^ , (2.12b) 

+ \{^¥-Dps k F,i - F~ a % A + ±<5$S%) M £d - . (2.12c) 

The components of the torsion in (j2 . 12aD — (12 . 1 2cj) obey further constraints implied 
by the Bianchi identities, some of which can be conveniently expressed in terms of the 
three irreducible components of D k F & s: a completely symmetric third-rank tensor W & ^ k , 
a gamma-traceless spin- vector Sa 7 fc and a spinor T^ k . These components originate as 
follows: 

S^* = (Ta)^*, (rW = ' W & M k = W {&h k . (2.13) 
It is useful to have eq. ( 12.131) rewritten in the equivalent form (W & (~ k = {^ ab ) a ' 3 W & X/ k ) 
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The dimension 3/2 Bianchi identities are as folllows 



Z#Vtf = ~W & s, k + 2 SW + > ( 2 - 15a ) 



£>|^ = Ip^'e*^ ( 3 F aS + tf* 8 ) = -± e *<* (3^/ + AT/)) . (2.15b) 
Equation (12.15aj) can be equivalently expressed in the form 

T*P& = ~ w m k + <W V + ( W-Atf • ( 2 - 16 ) 

The dimension 2 Bianchi identities are: 

(r a )^P^ fc = (r a )^X>*^ fc + 42>*S aa * - | £a ^(iV™A^ + F -n FJ 34) ; (2.17b) 

(TP^V&ffa = -5(p*) & tv£F 0k + 6(^)^2%, + 16iF>iV S ] A , (2.17c) 
T>( k w~ -0 - ip .-d^-p, _ Ir)( fc p- 7-*- - I-D (fe p- 

+ 2i(e^ - e^ [& N m - e^N^S" , (2.17d) 

= 2?aF te + 2? i F aft + X> 8 F a j . (2.17e) 



Note that eq. (I2.17ep can equivalently be rewritten as 

= VlW ai & k + 2e &k ^(E si fPv k & E s0k - 3(E &t )^V^ $k + 16iF 6 [ "A^ S]6 . (2.18) 

2.2 Solving the Bianchi identities: dimension 1 

Now, we turn to solving the Bianchi identities (I2.9al) - (l2.9cp based on the constraints 
fl2.11a|) - fl2.11cl) . It is standard and useful to organize the analysis in accordance with the 
increasing dimension of the identities involved (from dimension 1/2 to 3). 

The important simplification is that it is sufficient to analyze only the Bianchi identities 
(12.9aj) and (I2.9cl) . due to Dragon's second theorem [25]. The latter states that all the 
equations ( I2.9bl) are identically satisfied, provided (I2.9a[) and ( 12.9c[) hold. 

For dimension 1/2, the relations (I2.9al) with (A — a, B — j3, C — 7, D — d) and 
(I2.9cl) with (A — a, B = j3, C = 7) are identically satisfied. 



7 



For dimension 1, there occur several Bianchi identities that originate from eqs. (I2.9al) 
and fl2^9cl) . Setting (A = a, B = p, C = j, D = d) in (l2~9a) gives 

= Rp" + 2\T^ k (T*)^ + 2iT4«(r<% / 3 , (2.19) 

while the choice (A — a, B — /3, C — 7, D = 5) leads to 

= I#p*6} + Rp S 6t + R^5j + Rif^ + R$\5l + i^vj 

- 2i "d- )„ f v;i7 - a -'V' )//;:,? - 2ie ki (v% & T^ . (2.20) 

Choosing (A = a, B = j3, C = 7) in f!2.9cp gives 

= Ta^ + ^(r^ a + T a ^. (2.21) 

Eq. (12.211) implies that the dimension 1 torsion can be represented in the form: 

T$ = \^) h F &i -\e^)^ (2.22) 

where 

T,J k — T,~ k i T ~i k — T - k i T - — —T - (9 91\ 

-L\a — J-la , ^idb — ± lab ' 1 labc ~ 1 lacb ' \^.z.O) 

Equation ( 12. 19ft expresses the dimension 1 Lorentz curvature in terms of the torsion 

IK, 1 ;' 1 = -2iT%ti(T*)p $ - ■>yr J r(r l ) pn . (2.24) 

Since R l & 3 ^ cd = — i?^ dc , the following equation occurs 

= (r^T d >> + (T^tfT^W = ^{V' c ) h e^T x ^h - 2(£ S ^.T 1 <V' C . (2.25) 
This holds if and only if T ia g fc/ and T ldb£ have the form: 

T ji — ^ n .n"*"T!, - .V — n - — 
1 lab — ^'lab'l J l""i —'lab 13 > ' 

T 1& bc = -Tibac = N &be , N &i£ = N [&U] , (2.26) 

for some symmetric tensor S 13 obeying the reality condition S t] = Sij, and a completely 
antisymmetric real tensor iV-g-. As a result, the Lorentz curvature (I2.24p takes the form: 

= -i , ( '• ; / / " / - ^ ij N^(F s ) &$ + 4iS*(E% . (2.27) 
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Let us now turn to eq. (I2.20p . Taking the trace over the indices 7 and 5, one derive 
the following equation for the SU(2)-curvature: 

4Rii kl + R%f + Rif = Aii kl , (2.28) 

with 

Ki" = Ifc^S 1 * + ^(T%^T ie kl + i(E% $ e k ^ 1 (6F A + , / „„„,\-"") . (2.29) 

Here we have used the explicit expressions for the dimension 1 torsion and for the Lorentz 
curvature in terms of S kl , T\~J k and iV-g g . 

Equation (I2.28j) allows us to express R % ^- kl in terms of A^A W , and the result is 

P P 

pi j kl _ ( \ijkl \jikl,r)\kijl yAkjil 7 A i kjl , 9 aj ' kil\ icy o n \ 

It is useful to introduce the Hodge-dual of N & ~ b£ , N &i = fe^N* 3 *. Then, the SU(2)- 
curvature can be rewritten in the form: 

= ^ lJ S M + \{T & ) & ^T u kl + 2i(£% (f, s + N a )e*W . (2.31) 

Using the results obtained and the fact that the constraint ( 12.1 left is equivalent to 

T v J k = , (2.32) 
eq. (I2.20p is now solved, and the dimension 1 torsion becomes 

Taj? = \^^)h SJk + \ ^)h F ~ah ~ ~/\^)h N ^ ■ ( 2 - 33 ) 
The final form for the SU(2)-curvature is 

Rlf 1 = 3fe^'S H + 2i(£%(> aS + N a )e^e^ . (2.34) 

2.3 Solving the Bianchi identities: dimension 3/2 

For dimension 3/2, the relevant Bianchi identities come from both equations ( 12.9al) 
and <^M>- Setting (A = a, B = $, (7 = 7, D = 8) in eq. (l2^ah gives 

= R^5 k + R h k /5f + 4 + ^1*1 

+2$Ta*f + 2^ k {T") h T,i + X>*T$ , (2.35) 
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while the choice (A = a, B — b, (7 = 7, D = d) in ()2.9al) results in 

= R£/ - + 2\T^ k (T*)^ . (2.36) 
Choosing (A = a, B — b, C = y) in eq. (I2.9cp gives 

= 2iT a > + V k F^ . (2.37) 

For the analysis of the above identities, it is advantageous to make use of the decom- 
position of a spin-tensor = — A^- into its irreducible components: 

M = Ain + 2(Tia) A,i + <P*h% , (r*)*U* = = . (2.38a) 

Switching to the spinor notations, we have have to deal with 

Ai/H := ap^dirf = ^(a/3)7 ' (2.39) 

and the corresponding decomposition is 

^a/?7 = + "Aj(&P) £x /( & A) ' = "A{&h) ' 

"Afc/37 := (Ta)a(3-A a * / = , £° A^-y = ^^a/H = ' Aa/H] = ^ ' (2.40) 

From equation (12.371) we immediately read off the dimension 3/2 torsion 

Td = \vlF, h . (2.41) 
Applying the decomposition (I2.40p to the right-hand side of (12.411) gives 

= W &h k + E, {&$) k + e^ 0) k . (2.42) 
Next, equation (I2.36H is solved by 

Raf = \$~a)^VlF^ - ^(r e )/PjH + \{T«)Jvi 5 F & & . (2.43a) 

Equation (I2.35P allows us to compute the SU(2)-curvature Ra^ kl ■ Taking the trace 
over 7 and 5 in eq. (I2.35P gives 

AR,f l + R & f = A,l kl , (2.44) 



where 



7 . i 
A J kl — -(V^) ~ A< T) k F — F^ k (T b ) -^T) F - f - - (Y, di )- Xf V h F b£ F jl 



1 j3 ^\ 10 ^7 M V- 1 - )0 1 ^ x i ± db g^abcdeK 10 7 
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+ -e> l (T b£ )^V k N^ - -(T & )fV k ^ 1 . (2.45) 



Equation (12.44)) is solved by 



R Jki = ^L A Jki _ . (2.46) 

a P 15 P 15 P 



Since Ra^ kl is symmetric in k and /, eq. ( 12.461) can be seen to be consistent under the 
conditions: 

3 

20 



= ^V^^S + iV a& ) , (2.47a) 
^dfl = + 2 S^* + eW^* . (2.47b) 



Here H-g is the spin- vector which occurs in (12.421) . At this point, the SU(2)-curvature 
has been completely determined. 



~(T A )^vjf^ + l(T a )^5» . (2.48) 

Using the previous results, one can prove that equation (12.351) implies the last two 
constraints: 

= ~ W ah • ( 2 - 49a ) 

V%S fl = ^(E^/e*^ (3F aS + iV fiS ) = (%Fp + A^°) . (2.49b) 

It is important to note that (12.49b[) implies equation (I2.47ap . 

Expression (I2.48j) can actually be further simplified, using eqs. (12.14) I2.13p . (12.161 
12. 15 aft and (12. 15b[) . The final expression for the SU(2)-curvature is 

Raf 1 = -3e i(fe H a / + 5(r»)/W - J(r^VW . (2.50) 



2.4 Solving the Bianchi identities: dimension 2 

For dimension 2, the relevant Bianchi identities are generated from eq. (I2.9al) with 

(A = a, B = b, (7 = 7, D = |) 

= i^ fc 4 + fl^ty - V h T$ + D^f - Tj*; T a jf - VtTj + T & ¥ T$ , (2.51) 
from (T2T9aD with (A = a, B = b, 6 = c, D — d) 

= "^abc + -^Sca^ + Beak" , (2.52) 
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and also from (I2.9cl) with (A — a, B = b, C = c) 

= V h F u + V h F £& + V £ F di . (2.53) 

Let us first analyze eq. (12.511) . This can be used to extract the curvatures. We start 
by rewriting (12.511) in the form: 

R^%6 + Rains' = A d\ » ( 2 - 54 ) 

with 



+e kl V%sF~ a& F u + \e kl F%e h] ^(r% s N d ' - 2(Yf^F^ k 



-y5 cd 



+^dr%sN di S kl + ^£ ag W w S%- . (2.55) 



Considering the part of (12.541) which is symmetric in 7 and 5 and also antisymmetric in 
k and I, we r( 
The result is 



k and I, we read off the expression for the Lorentz curvature R^ cd = — \ski{^ cd y 5 ^abYs- 



+ 1^^ - - + S% . (2.56) 

Next, isolating the part of (12.541) which is proportional to and symmetric in k, I, we 
can determine the SU(2)-curvature R h % kl = — \e^ 5 & h &. The result is 

R-ai l = -^VfjF* ■ (2-57) 

Equation (I2.54p has allowed us to determine the curvatures. However it still contains 
some nontrivial information. Using the relations (12.531) . (12.561) and (I2.57p . eq. (I2.54p can 
be seen to reduce to 

= ~(r,fv^F &h - m ,V h] S kl - \e hh ^S kl . (2.58) 

This implies 



T>tS» = ^(T b y S V {k V l ) F &h = -^V^ k E^ - l -(T,fv {k ^ . (2.59) 
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Next, due to the identity 

V, = \e l3 {T^VVDl + \e^N b "M^ , (2.60) 

and the dimension- 3/2 constraint (I2.15bl) that determines T> l & S k \ it also holds 

V,S kl = -^(T a )^X>J^0 _ L(r & fP V ^ N J) . (2.61) 

Now, requiring the compatibility of the equations f!2.59j) and (12.611) . we generate the 
constraint 

{TafPV^N^ = -(r a ) a %i^ + 3V^ k E^ l) . (2.62) 
This turns out to be equivalent to (I2.17al) . since 

V &{k Af & l) = -{V { ^ V l) AN & P = -M &0 N & ? = . (2.63) 

Similar considerations give 

Further analysis of equation (12.581) leads to another constraint, eq. (I2.17dl) . 

The Bianchi identity (12331 is equivalent to e &b£dg V & F^ = 0. The latter can be rewrit- 
ten, with the aid of (12.601) . as follows: 

= £ aSafe ( i(T 6 )^V k & V $k F ds + e^N^M^F^ , (2.64) 

which, using (I2.14p . can be seen to be equivalent to equation (12.181) . 

Now, consider the Bianchi identity (12.521) . Using the Lorentz curvature (I2.56p . eq. 
(I2.52p turns out to be equivalent to 

V,N ie = ^ h£ ^ p (^fv k V Sk F^ + ^V, {i e^(^y^V Sk F^ 

-^ toMtf (4F 4 *F«* + N^N^) . (2.65) 
The latter can rewritten as 

^a,N' b£ = —ZabcdeP^W^Sk ~ g a)^^ ^bcSk + g ^bc) ^^^aSk + g £ abcrran^™)^"^ ~" ' Sk 

+^^]fv k fsk + y^d^fv^rk - ^e^AF^F^ + N^N**) . (2.66) 

On the other hand, one can compute T>aN b ~ by using (I2.60p and the dimension 3/2 Bianchi 
identity (12.161) . Then one gets 

Wi* = ~(r^v k w b£0k + l -v^ &k ^k - i(%) a ^l% fc 

- ^md^T $ ^0k + \^^VlU^ k - le^N^N^ . (2.67) 
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Requiring the equivalence of (I2.66P and (I2.67P and making use of (12.1 8p . one obtains the 
constraints fljTTbJ) and fl2.17cj> . 

We have solved all Bianchi identities of dimension 2. Using the relations obtained, 
we can still simplify some of the results. Making use of (I2.66P allows us to rewrite the 
Lorentz curvature (12.561) in the form: 

—SfsfN^N^ + i<< S--'S„ . (2.68) 

Next, using the equation 

V^W^ = 3(£ aS )^D^ - A(T [& fv\%/ + UiN &i S kl , (2.69) 

which follows from ( I2.17dl) . one can see that the SU(2)-curvature ( 12.5T[) can be rewritten 
as follows: 

V = f^a)^ V } - ^at)*^ + fjW* ■ (2-70) 

Finally let us turn to the Bianchi identities of dimension 5/2 and 3. For dimension 
5/2, there is only one nontrivial Bianchi identity. This is the identity (I2.9al) with (A = 

a, B = b, C = c, D = |) 

= -V,Tj + T~J q T$ - P s T a f - T-J q T a J? - V^J - r«{ T$ . (2.71) 

This equation can be seen to be satisfied identically provided the Bianchi identities of 
lower dimension hold. For dimension 3, there are no nontrivial Bianchi identities. 



3 Projective superspace formalism 

The projective superspace approach was originally formulated for rigid supersymmet- 
ric theories with eight supercharges in four space-time dimensions [21 H], and later it 
was generalized to five |26j and six [271 12H] dimensions. Superconformal field theory in 
projective superspace has also been developed in four and five dimensions [29l [30] . 

As demonstrated in [I], the concept of projective supermultiplets can naturally be 
extended to the case of 5D M = 1 supergravity. In this section, we first recall the 
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definition of covariant projective multiplets in curved superspace, following PQ. After 
that we formulate a manifestly locally supersymmetric action principle. 

To start with, it is instructive to recall the kinematical setup for projective superspace 
in the case of 5D J\f = 1 supersymmetry. Let M 5 ' 8 denote the flat global superspace 
parametrized by coordinates z A = (x a , Of). The corresponding covariant derivatives D ^ = 
(d a , D l & ) obey the algebra 

{D\ , Dp = -2ie« ((P) &$ d £ + e &$ z) , [D« , dj\ = [D* , Z] = , (3.1) 

which follows from (12. 12aH — (12.12cj) by setting 5 y = N d ~ b = = 0. Making use of an 
isotwistor u\ G C 2 \{0} allows one to introduce a subset of strictly anti-commuting spinor 
covariant derivatives Dt := ufD z & . 

{£>+£>+} = 0. (3.2) 

Hence, one can define so-called analytic superfields Q(z,u + ) constrained by DfQ = 0. 
Such a superfield Q(z, u + ) is called a projective supermultiplet, if it is holomorphic (on 
an open subset of C 2 \ {0}) and a homogeneous function of u + , Q(z, cu + ) = c n Q(z, u + ), 
with c G C*. The isotwistor h ( + G C 2 \ {0} appears to be defined modulo the equivalence 
relation uf ~ cuf, with c G C*, since this is true for both the constraint DfQ = and 
the superfield Q(z,u + ) itself. As a result, the projective multiplets live in the projective 
superspace M 4 ' 8 x CP 1 . 

3.1 Projective supermultiplets 

In curved superspace, the isotwistor variables uf G C 2 \ {0} are defined to be inert 
with respect to the local group SU(2) [1] (see also [2]). Instead of the anticommutation 
relation ( 13.21) . the operators T>\ := ufV l & obey the following algebra: 

V P = - 4i + J ++ + 4i S ++ M &$ , (3.3) 

where J ++ := ufu+ J ij and S ++ := ufuj S ij . Eq. (Q follows from d2~T2al) . Now, for 
the constraint T>fQ = to be consistent, Q(z,u + ) must be scalar with respect to the 
Lorentz group, M & ^Q = 0, and also possess special properties with respect to the group 
SU(2), that is, J ++ Q = 0. Let us define such multiplets, following pp. 

A projective supermultiplet of weight n, Q^ n \z,u + ), is a scalar superfield that lives 
on .M 5 ' 8 , is holomorphic with respect to the isotwistor variables uf on an open domain 
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of C 2 \ {0}, and is characterized by the following conditions: 
(i) it obeys the covariant analyticity constraint 



T>tQ {n) = ; (3.4) 

(ii) it is a homogeneous function of u + of degree n, that is, 

Q {n \z,cu + ) = c n Q {n \z,u + ) , ceC* ; (3.5) 

(iii) infinitesimal gauge transformations (12. 5p act on as follows: 

5Q {n) = ^K d V d + K ij Ji^Q in) , 

RVJuQ^ = - j . ( K ++ D— -nK + ~\Q^ , ^ = ufwf , (3.6) 
(u + u~) V / J 



where 



The transformation law (I3.6P involves an additional isotwistor, u~ , which is subject to 
the only condition (u + u~) = u +l u^ ^ 0, and is otherwise completely arbitrary. By 
construction, Q^ n > is independent of u~, i.e. dQ^ n ' / du~ l = 0, and hence D ++ Q^ = 0. 
One can see that SQ^ is also independent of the isotwistor u~ , d(SQ^)/du" 1 = 0, due 
to (ET51) . It follows from ([31]) 

J++ q(") = o , J++ oc D ++ , (3.8) 

and hence the covariant analyticity constraint (13. 4p is indeed consistent. 

The transformation law (I3.6P is a generalization of that for superconformal projective 
supermultiplets in four and five dimensions (29J, [30] and for projective supermultiplets in 
the 5D M = 1 anti-de Sitter superspace [2] . 

It should be pointed out that the transformation law (13. 6p corresponds to the projective 
supermultiplets with zero central charge, ZQ^ = 0. Such off-shell multiplets are most 
interesting for applications, and our consideration will be restricted to their study. It 
is not difficult, however, to modify (13. 6p in order to be applicable to the case of off- 
shell projective supermultiplets with an intrinsic zero central charge. The corresponding 
transformation law is [1] 

5Q {n) = (k 6 V 6 + K ij Jij + tZ^QM . (3.9) 
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As an example, we can consider an off-shell hypermultiplet with intrinsic central charge, 
which is described by q + (z,u + ) = ufq l (z). It is this realization^ which is used in the 
component approaches of [TOj [IT] - In this realization, the hypermultiplet becomes on- 
shell provided Zq + = 0. 

Given a projective multiplet Q^ n \ its complex conjugate is not covariantly analytic. 
However, similar to the flat four-dimensional case [HIE] (see also [2]), one can introduce 
a generalized, analyticity-preserving conjugation, — > Q^ n \ defined as 

Q( n >(u+) = (n) («+^« + ) , u + = ia 2 u + , (3.10) 
with Q^(u + ) the complex conjugate of Q^ n K Its fundamental property is 

One can see that = (—l) n Q^ n \ and therefore real supermultiplets can be consistently 
defined when n is even. In what follows, Q will be called the smile-conjugate of Q^ n \ 

Examples of projective supermultiplets are given in pQ, and the interested reader is 
referred to that paper for more details. 

It follows from fl2T5bl) that S ++ is a projective superfield of weight two, 

VtS ++ = . (3.12) 

3.2 Locally supersymmetric action 

Let C ++ be a real projective multiplet of weight two. Associated with C ++ is the 
following functional 

S(C ++ ) = ±-f(u + du + ) j d 5 *d 8 ^^|^ , E- 1 = Ber(£/) . (3.13) 

We are going to show that S defines a locally supersymmetric action principle. This 
functional is obviously invariant under projective re-scalings uf — > cuf. Moreover, it 
turns out to be invariant under infinitesimal gauge transformations (12.51) and (13.61) . To 
prove the invariance under arbitrary supergravity gauge transformations, we first point 
out that Q(~ 2 ^ := C ++ / (S ++ ) 2 is a projective multiplet of weight —2, since both C ++ and 
S ++ are projective multiplet of weight +2. For Q^ 2 ^ the second line in (13.61) implies 

K :j ■!,,() 1 = - t -^D-(k + +Q<-*>) . (3.14) 

7 This is a generalization of the Sohnius off-shell formulation for hypermultiplet 3 lj . 
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Next, since K ++ Q^ 2 ) has weight zero, it is easy to see 

(u + du + ) K ij J tJ Q { ~ 2) = -dt Q ( ~ 2) , (3.15) 

with t the evolution parameter along the integration contour in ( 13. 13f) . Since the inte- 
gration contour is closed, the SU(2)-part of the transformation (13.61) does not contribute 
to the variation of the action (13.131) . To complete the proof, it remains to take into the 
account the fact that Q^~ 2 ^ is a Lorentz scalar. 

Introduce the following fourth-order operatoi§| 

A (+4) = (I?+) 4 _ 5 . s++ (p+)2 + 3(5++)2 ) (3 16) 



where 

Its crucial property is that the superfield defined by 

Q {n) (z,u + ) := A^U {n - 4) (z,u + ) , (3.18) 
is a weight-n projective multiplet, 

PtgW = , (3.19) 

for any unconstrained scalar superfield U^ n ~^(z, u + ) that lives on is holomorphic 

with respect to the isotwistor variables uf on an open domain of C 2 \ {0}, and is charac- 
terized by the following conditions: 

(i) it is a homogeneous function of u + of degree n — 4, that is, 

U {n -^(z,cu + ) = c n ^U {n - 4) (z,u + ) , ceC* ; (3.20) 
(iii) infinitesimal gauge transformations (12. 5p act on [/"( n ~ 4 ) as follows: 

5U {n ~ i] = [K 6 V d + K i KJ i ^U {n ~ i) , 

K ij J i:j U {n ~^ = - -r^zs (k ++ D— - (n - 4) K + -^U {n ~ A) . (3.21) 

We will call [/>- 4 )( z, cu + ) a projective prepotential for Q^ n \ 

8 This operator was introduced in the case of 5D TV = 1 anti-de Sitter supersymmetry in [2]. 
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=0 



The fourth-order operator (13.161) is analogous to the chiral projector in 4D M = 1 
super gravity [32] . 

Let J/* -2 ) be a projective prepotential for the Lagrangian C ++ in (13.131) . Representing 
f/ ( ' 2) = ~ (V+rU^ + ±i S++ {V+fU^ } , (3.22) 

we obtain 

j(u + du + ) J d 5 xd 8 9EU^ 2) = j(u + du + ) J d 5 xd 8 9Ej^—^ . (3.23) 

One can see that the derivative terms in (13.221) do not contribute to the integral in (13.231) , 
as a consequence of the anti-commutation relations (I2.12al) - (l2.12cl) . 

Our action (13.131) can be compared with the chiral action in 4D M = 1 supergravity 
[321 E3] (see also [231 121] for reviews). 

In the case of flat superspace, one can not make use of (I3.23H . Instead, here one can 
apply the following relations 

i-/(nW) J d 5 *dW-) = / d^{D-)\D^U^ 

= W^+d^f ++ 

2tt / (u+u-y J y ' e=o ' V ' 

with L ++ := (D + ) 4 U ly ~ 2 ^ the flat-superspace Lagrangan. Here 

(D- f := — £ & ^ S D7D~D7D7 , D~ := uj Di . (3.25) 

The expression in the second line of (13.241) is the rigid supersymmetric action in 5D 
M = 1 projective superspace [2S]. The latter is a natural generalization of the 4D 
M = 2 projective-superspace action originally given in [3] and reformulated in a projective- 
invariant form in [31]. This action can be seen to be invariant under arbitrary transfor- 
mations of the form: 

(ui-, Ui + ) -> (ur,Mi + )fl, = ^ c ° j G GL(2,C) . (3.26) 

The same invariance obviously holds for the curved-superspace action (13.131) . for it is 
explicitly independent of u~ . 

Projective invariance (I3.26P is an obvious property of the manifestly locally supersym- 
metric action (I3.13p . As shown in section 5, it becomes a powerful constructive principle 
when one is interested in reducing the action to components in the Wess-Zumino gauge. 
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4 Wess-Zumino gauge 



In this section we elaborate the Wess-Zumino gauge for the 5D minimal supergravity 
multiplet, which was used in pp. Our consideration will be similar to that originally 
given, many years ago, for 4D Af = 1 supergravity [321 ESI EE] and then presented in a 
universally applicable form in |23j. 

Given a superfield U(z) = U(x,9), it is standard to denote as U\ its ^-independent 
component, U\ := U(x, 6 = 0). The Wess-Zumino (WZ) gauge for 5D TV = 1 supergravity 
is defined by 

V & \ = V a + *at(x)V*\ + <Pa k \x)Ju + V a (x)Z , V\\ = . (4.1) 

Here Va denotes the space-time covariant derivatives, 

Va = e a + uo a , e a = e & ™(x) , u a = ^ M b£ = u a h {x) , (4.2) 

with e a m the component inverse vielbein, and u a bc the Lorentz connection. The operators 
Va obey commutation relations of the form 

[Va, V g ] = 7 h £{x) V, + \n,C\x)M t(l , (4.3) 

with the torsion, and 'R- ab cd the curvature. Next, is the component gravitino, 
while (j) a = §a kl \ and Va = V&\ are the component SU(2) and central-charge gauge 
fields, respectively. In addition to the geometric fields present in (14.11) . the supergravity 
multiplet includes some additional component fields which can be chosen as follows: SV, | , 
^ab\i anc ^ 'D' xt 'D 3 & Sij . All these fields, which survive in the WZ gauge, constitute 

the 5D minimal supergravity multiplet [20] . 

Making use of (14. ip one can readily obtain 

[Z>a,zy| = [Va,V s ]-2%2[P S] ,P^]|+^sf{^,^}|+2(V [a V g] )Z 

+2(v [a ^i - VV) 5 !! + 2 ( v t«V + • ( 4 - 4 ) 

This relation can be simplified considerably by evaluating the (anti-) commutators [D a , Pg], 
[X>S,Z>*] and {X>|,2^} with the aid of (l2~T2aD - d2~T2cD . As a result, eq. g3D can be seen 
to be equivalent to the following relations: 

T a g e = -2i* a *(I%*s{ , (4.5a) 

^21 = \^tF ab \ = 2V^4 - 2V%" - r as'*4 " 2 %f r 8]^| , (4-5b) 
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as well as 



R 



cd I 



db 



ab I 

^db 



TZ 



2(V [a V S] ) + 2i¥ ft **jJVtf - 2i*a2*s? 
2V 



6], 
V + 



67 ' 



bkYA/5 



(4.6a) 
(4.6b) 

(4.6c) 



Eq. f)4.5ap determines the space-time torsion in terms of the gravitino. Eq. (14.5bl) 
constitutes a locally supersymmetric version of the gravitino field strength. Finally, eqs. 
(I4.6ap - fl4.6cl) express the leading components of the superspace curvature tensors in terms 
of the component fields. Equations f)4.5al) and (I4.5bl) will frequently be used in section 
[51 The space-time torsion (14. 5 aft will be especially important for the considerations in 
section for it occurs in the rule for integration by parts: 



d 5 x e V a U* = / d 5 x e tJ> U & , e" 1 = det (e>) 



(4.7) 



In the WZ gauge, the supergravity gauge fredom (J275J) reduces to those transformations 
which preserve the WZ gauge. This is equivalent to the requirement 



= 5Vi 



K^Vl + K b V h + K^M h + K* k J jh + tZ, V\ 



It implies the following restrictions on the transformation parameters: 



ViK?\ 



K d \T £ ^\ +5iKj\ + 8%K 



ViK b \ 



V\K jk \ = K°\R d i jk \ , 



-2i(r%ic*| , 

Vir\ = -2i K{ 



(4.t 



(4.9) 



In the WZ gauge, the transformation laws of the gauge fields can be derived from 



8V a \ = 5V & + S^T^l + 5<p & kl J kl + 5V a Z 

= - K*Vb + K^M h + K jh J jk + T Z, V a 

Some computations lead to 

6e a ™ = (v & K b \ -2i* a f(r S ) d ^| -K a S |)e> , 



8u a 



Pi 



V a K b \-2Mat(T b ) & sK Sk \-K a 



-T^ajJ^ \ n -Cp I 21 \ ri Ba I 



Pi 



(4.10) 



(4.11a) 



(4.11b) 
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6*6$ = V & Kf\ - a /#f | - 2M & ](r%^£K Sk \ + K%\T$\ + V„A" M/,./ 

+%lK 6 \T^\ - K £ \T^\ - K a 6 |* e f + V & ]K^\ + ^atK k ,\ , (4.11c) 

W fc = (Vai^| - 2i* a f (r S )^^| - Ka h \)^ k + V a l^| + 20 a ^i^| 

+K?\R^ jk \ + K b \R^ k \ + * a f 1^1^*1 , (4.11d) 

5Va = (Y„lK h •-'ivI/„/(r'') ii A-' A',/')V,, • V a r • K b \F &i 2iM/„//v^ . (4.11e) 



5 Action principle in the Wess-Zumino gauge 



Our goal in this section is to reduce the locally supersymmetric action (13.131) to com- 
ponents in the WZ gauge. Using considerations based on eqs. (I3.23p . (I3.24p . (14.11) and 
E\ = e, one can argue that in the WZ gauge it holds 



where 



So + 



[u + du^ 



i Vjir 



d b xe(V-yC ++ (z,u 



(v- 



J_ <^5p 7 p 7 p-p r 

gg a 1 5 ' 



(5.1) 



(5.2) 



and the dots in the expression for S(C ++ ) in (15. ip denote all the terms with at most three 
spinor derivatives hitting C ++ . 

By construction, the action (13. 13[) is invariant under arbitrary projective transforma- 
tions (I3.26p . It is remarkable that the requirement of projective invariance allows one to 
uniquely restore the action in the WZ gauge by making use of So, as given in (15.11) . as the 
only input. Let us start by presenting the result of explicit calculations announced in [I]: 



S{£- 



1 

2^ 



I" (u+du+) 






1 d 5 xe 


% {u + u-y j 





i - 25 



- 2(£«%%/-*>P R -^- - - A ^-VTVZ + l(^'"')"-o„ V p 







p~ -a ' v— 'mnj &0 « 

- 6i£ 6S ^(E^)-^ a a -*^-0 g " + 181 (£ aS )^ a A ~^~S 



185— 5" 



(5.3) 



where (P~) 2 := V & ~V & , S~~ := S ij u~uJ, <f) & ~~ ■= <Pa ij u~u~ and := 
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The remainder of this section is devoted to the derivation of ( 15. 3p . Conceptually, our 
approach below is quite simple. We start by computing the variation of S Q (15. ip under an 
infinitesimal projective transformation (13.261) . and then iteratively add new terms to the 
action in order to cancel out all non-zero contributions to the variation, insuring projective 
invariance in the end. Technically, the calculation turns out to be quite long. 



In the following, we will use the condensed notation: 



d/i 



++ ._ 



1 (u+du+) 
27 (u+u-Y 



2tt (u+u-) a ' 



(5.4) 



where we have denoted / := df(t)/dt, for a function f(t). Here t is the time parameter 
along the closed integration contour 7 = {uf(t)} in the isotwistor space which occurs in 
(15. ip . In the integrand of ( 15.11) . the isotwistor u~ is chosen to be constant (i.e. time- 
independent) and subject to the condition that u + (t) and u~ form a linearly independent 
basis at each point of the contour 7, that is (u + u~) 7^ 0. 

Concerning the projective transformations (I3.26p . it is obvious that Sq (15.11) is invariant 
under arbitrary scale transformations uf(t) — > c(t)uf(t), with c(t) 7^ 0. The iterative 
contributions to S should be chosen to automatically respect this invariance. It is thus 
only necessary to analyse projective transformations of u~ of the form 



Ui = a(t)Ui +b(t)u+(t) 



a(t) ^ 



(5.5) 



Since both u and u should be time independent, the coefficients should obey the equa- 
tions: 



(u + u~ 



[u u 



(5.6) 



As is obvious, the functional Sq ( 15. ip is invariant under arbitrary scale transformations 
u i ~ ¥ a (^) u i ' 1 w hh a 7^ 0. The other contributions to S, which we are going to determine, 
should be chosen to automatically respect this invariance. Therefore, it only remains to 
analyse infinitesimal transformations of the form 5u^ = b(t)uf, with b(t) obeying the 
differential equation ( 15. 6p . This transformation induces the following variation of So' 



5S 



d/T 



6(V- 



96 



d x e 



dfi ++ b / d°xe 



(3 L 7 ' <5 



(5.7) 
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First of all, this variation has to be transformed. 
Using the completeness relation 



the (anti-)commutation relations (12.41) . (I2.12al) and (I2.12b|) can be seen to imply 
1 



(u + u~ 



U tk U l) V t ~ U fk U t) V a 



{Vt,VT} = 2i(u + u-)T> &B + Rtf l J kl + Rtf 5 M^ 5 + 2i 



[u u )e & pZ , 



rp ± <5— "T")+ 



(5.8) 

(5.9a) 
(5.9b) 
(5.9c) 



Here we have introduced the following definitions: 



i?+7^ ■= Ri j i 5 u + u~ 

& ■ ®j3 1 3 



R&p - 



± <5± 



k , 



Tn 2 ~"ul u 



k a l ) 



Ra 



± pf 



n 6tp a i a j J 
J L « 7 ""fe ) 



Ra 



±lp ._ 



J- 1.(2 ^ "fc ) 



(5.10) 



where the torsion and curvature tensors are given explicitly in section [2j In what follows, 



we often change the basis in the space of iso-tensors by the rule: A 1 — > A ± := A 1 



■it 



± 



Let us return to the variation (15. 7p . We evaluate the anticommutators on the right of 
( 15. 7p with the aid of (15.9bl) . After that, all vector covariant derivative should be moved 
to the left by making use of (15.9cD . and all SU(2)-generators should be moved to the right 
using ( I5.9al) . If such transformations produce a spinor covariant derivative Pj, it should 
be pushed to the right until it hits C ++ , and the latter vanishes due to the analyticity of 
the Lagrangian, £>t£++ = 0. We end up with 
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10iT A/5 7 " ""iJj ~ « + 2iT^ 7 '+i?7 " fc < 
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(u+u-) & ? i* 



SR77 kl \Jk 



(5.11) 
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Let us analyze the contributions to the right-hand side of (15. lip , which are proportional 
to the SU(2)-generators Jki- It is important to note that all the coefficients in front of Jki 
are homogeneous functions of degree 1 in the variables uj , and of degree 3 in . This 
follows from the fact that such terms come from the variation 8(T>-) A which results in 
replacing one of the four isotwistors (w - )'s by (bu + ). Another piece of useful information 
is the fact that the lagrangian C++ is a projective superfield of weight 2, and hence 

1 



Jkl£ 



dt 



uluXD- 



(u+u~) \ ^ 
2^4/h 



2u (k u l) )£" 



(u+u ) 



(it u + )JuC~ 

The latter result leads to 
(ii + u + ) 



:f— -l u +u+C ++ + 2 

(u+u~) (h l> 



u u 



(u+u-) ( fc 



(5.12a) 
(5.12b) 
(5.12c) 



, _ _ ,4 bJkl£ — -77 

(u+u ) 4 dt 



h U (k U l) ^ 

(u+u-) 4 



, (u u ) , , „ 



(5.13) 



This implies that, given an operator = 0^ lk ' which is an homogenous function of 
degree 1 in uf (as in our case), the following equation holds 



jd^ ++ bO {kl) J kl C ++ = j&rf 



AbO- 



(u+u ) 



£++ + 



(5.14) 



Now, it remains to make use of the explicit expressions for the torsion and curvature 
tensors, see eqs. (I2.12al42~.12cp . as well as to notice the relations 



(5.15) 



After some computations, one obtains 
,)S\, <b dfj++b / d 5 x< 



i(u + u 



v &f3 v - v - 

1 o, p 



hi{u + u-)F a -Vl - 22 SS A 



C 



++ 



(5.16) 



An important remark is in order. The original variation 8 So contained numerous con- 
tributions proportional to (u+u~)N° l ~'D&. All such terms have cancelled out. Although 
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at first sight such non-trivial cancellations may appear miraculous, there is a simple ex- 
planation for that. The point is that such contributions to the projective variation of S 
are impossible to cancel by means of adding some "counterterms" to the action. Complete 
cancellation is the only option compatible with projective invariance. 

To cancel out the second and fourth terms in (15.161) . we add to S the following 
functional: 

25i 



24 



s— (V"Y + 18 s— S~ 



Si = j d/i++ / d 5 xe 
Evaluating the projective variation of So + Si gives 



(5.17) 



5[S + S 1 )= (b d/i ++ 6 / d b xe 



a p 



(5.18) 



To simplify the last variation, we have to start using the relations that hold in WZ 
gauge of section HI In particular, making use of (14.11) gives 



sfSo + St) = id}j, ++ b j d 5 xe 



i(u+u ) & p li&*fo-\T>+ ,V7V7 

4 a /3 4 1 T ' a /3- 



4 7 a p /\J L /3 J 2 (3 y ' ° 



(5.19) 



Here, the operators proportional to the connection can be seen to cancel out by adding 
the functional 



S 2 = <p d^ ++ / d 5 xe 



(5.20) 



Futhermore, in order to cancel out the first term in the second line of (15.191) . it is necessary 
to add one more "counterterm" : 



S, 



dfi ++ / d 5 xe 



4 7 a p 



(5.21) 



Now, the projective variation of S + Si + S 2 + S 3 is 



5(S + Si + S 2 + S 3 ) = fd^ b [dsxe 



(5.22) 
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To simplify the variation obtained, we compute the (anti) commutators in (|5.22p . In 
this way, we will produce terms with vector covariant derivatives, and also terms with 
the Lorentz and SU(2)-generators. Then we should systematically move all the covariant 
derivatives T>a to the left, with the aid of the algebra of covariant derivatives, and finally 
make use of the WZ gauge relation (14. ip . Similarly, we should systematically move all the 
generators to the right using (15.141) and M & aC ++ = 0. As a result, eq. (15.221) turns into 



5[3o + 3 1 + 3 2 + 3 i 



dfx ++ b / d 5 xe 



i(u + u 



4 v ~ ' " " _ 7 s 

-4( U + U -)(E<VV [a V-2^ +4(« + «-)(S a6 )^(V [a *^-)2? j r - m^T-o,/ V V& 



7i 



2(u+u~) 7 
i 



V P + (u+u- 



+ 



{u+u-) Rx/ & 

1, 



4(m + m~) A /3 ^7 + 2 7 a ^ 15 ^ a <5 2 5/37 i 



2i 



A(u+u-) ^ R& P 



2R 



&p 7 



5i(w+w~).F*-£>: 



(5.23) 



In the variation obtained, the first three terms can be simplified by using some relations 
that hold in the WZ gauge. In particular, the first two terms in (15.231) are of the form 
X?aU a , for some U a , and can be simplified by using the rule for integration by parts (14.71) . 
Furthermore, the third term in ( 15.231) can be transformed to the form: 

1 



[u 11 



(£ ab )V [a + -V~ 



+ 



+ 7- 



(5.24) 



as a consequence of the identity (I4.5bl) . Here the space-time torsion is given by eq. (I4.5al) 
which can be equivalently rewritten as follows: 

4i 



&b (u+u 



Tr(r%^ [a 7 ~V + ■ 



(5.25) 
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Further calculations lead to 



6(S + S 1 + S 2 + S Z 



dfi ++ b / d°xe 



(5.26) 



Note that the term — 5i(u + u )J ra T> & in (15.231) . which cannot be consistently produced 
by the variation of any Lagrangian, has cancelled out at this point. 

The terms in the fourth line of (15.261) can be seen to cancel out by adding to the action 
the following functional: 



S, 



d/i ++ / d 5 xe 



(5.27) 



In addition, in order to cancel out the two terms quadratic in spinor derivatives T> in 
the second line of (15.261) . one has to add to 5* one more "counterterm" 



S 5 = <b d^ ++ / d 5 xe 



2(E« 6 )^^-* S 5 -P [ :p- 



(5.2* 



At this point, we can simplify 5ySo+Si+S2+S s +S4+SsJ by computing the remaining 
anticommutators and then using the same strategy as before, that is: (i) systematically 
move all the covariant derivatives T>a to the left , using the algebra of covariant derivatives, 
and then we apply the relation (14.11) : (ii) systematically move to the right all the generators 
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using (I5.14p and M & ^C ++ = 0. Such calculations give 
S (jS + Si + S 2 + S 3 + S4 + S 5 
dfi ++ b [ d 5 xe 



+ i6i(E%(i% V~*fl^*s*~2>*~ - 8i(£%(r% a V-* 5] * + * e & -2^- 
+ 9(M+M-)(r a )^^ a °-s 



(5.29) 



Here the third line can be simplified by using the integration by parts (14. 7p and the 
equation 



1 



which follows from f l4.5bl) . 

After some computations, the variation becomes 



" + V I' / + T S . ' . v|; „ ' 7, , (5.30) 



(u+u-) [a fe] P (u+u-) 



5(S + S! + S 2 + S 3 + S 4 + St 



dfj, ++ b / d 5 xe 



36i(^ i ) & ,U il & -y h -S + - + ®a &+ y~ b -S- 



+ 12ie afe£ ^(S 



-W3- 



(5.31) 



To cancel out the expressions in the second and third lines of (I5.3ip . we have to add to 
the action the following functional: 



S 6 = i dfi ++ / d 5 xe 



*a^^~( 1 8i(S aS ) a ^~~-6i£ aSeA "(S J nn) a/ 30^ 



. (5.32) 
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Now, let us turn our attention to the three gravitini in (I5.3ip . For their analysis, we 
need two auxiliary resuts. First, for any tensor = —A^ £ , it holds 

~b 3 ~b 1 ~b 

( S<1 )ap A acb = ~2^ a ^&P A [abc] + W^abc ' (5.33) 

Given an antisymmetric tensor, A de = —A ed , it holds 

Cabcdn & ^%^ g = Ae &$ A^ s - Ae & ^ - Ae & ~ s A h + Ae^A &l + Ae^ . (5.34) 

With the aid of these identities, the contributions proportional to three gravitini in (15.311) 
can be seen to be equivalent to 

-2ij^ ++ b J dW a ^£ A ^(^-^~^^ • 

(5.35) 

These terms identically are cancelled out against the projective variation of the functional 
S 7 = 2ijd^ ++ J d 5 xee &im "(Z^) & ^ & & -^-*rV7 . (5.36) 

Finally, it can be seen that the terms with four gravitini in (15.311) cancel each other. 
As a result, we obtain 

5(S + Si + S 2 + S 3 + S 4 + S 5 + S 6 + S 7 ) = . (5.37) 

The action (15.31) has been proved to be projective invariant. There is no need to demon- 
strate its invariance under the local supersymmetry transformations, since (15.31) is simply 
the component form of the locally supersymmetric action ( 13.13!) in the WZ gauge. 

Various supergravity- matter systems correspond to different choices for C ++ . Explicit 
examples of such dynamical systems are given in pQ. 
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A 5D Conventions 

Our 5D notations and conventions correspond to [26]. The Minkowski metric is 
given by r/mn = diag{— 1, 1, 1, 1, 1} (m, h — 0, 1, 2, 3, 5). The 5D gamma-matrices T A = 
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(r m , T 5 ), with m — 0, 1, 2, 3, are defined by 

{r A ,r ft } = -2^ fl i , (r A )t = r r ril r (A.i) 

are chosen in accordance with 

(r-).'-( ( ^^). (r 5 )^("f (A,) 

such that r rir 2 r 3 r5 = I. The charge conjugation matrix, C = (e Q/3 ), and its inverse, 
C^ 1 — — (e & p) are defined by 

c**°- l -<r*r> ^={1-1)' e *=(?J*)- « A3 » 

The antisymmetric matrices e al3 and e & p are used to raise and lower the four-component 
spinor indices. 

A Dirac spinor, \I> = (\I/q), and its Dirac conjugate, = (^ a ) = ^ T , look like 

*n= | ^ I ■ *" = K. t V,) (A.I) 



One can now combine ^ a = (<j> a ,ip & ) and = e^tfg = into a SU(2) doublet, 

tt? = , = , i = 1, 2 , (A.5) 

with tyf = (j) a and ^ = ^° *■ ^ i s understood that the SU(2) indices are raised and 
lowered by e' lj and e— = £21 = 1, in the standard fashion: \E' m = e tj ^^. The Dirac 
spinor = satisfies the pseudo-Majorana condition \I/j T = C ^>i. This will be 

concisely represented as 

m* = *? • (a.6) 

With the definition = -S™ = — ^[r^, T^], the matrices {l,r^,E^} form a 
basis in the space of 4 x 4 matrices. The matrices e & z and (Tm)a8 are antisymmetric, 
e a/3 (r^)^ = 0, while the matrices (Emfdstp are symmetric. Note that any 4x4 matrix 
B = (Bo/ 3 ) can be represented in the form: 

B = |trB , B rh = -itr(r A B) , B™ 1 = -tr(S Aft B) . (A.7) 
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Given a 5-vector V m and an antisymmetric tensor F mn = —F nm , we can equivalently 

1 

2 J 



represent them as the bi-spinors V = V m T m and F = lF mn T, m n with the following 
symmetry properties 



V e fi = -V 0& , e & ?V &0 = O, F & $ = F $& . (A.8) 

The two equivalent descriptions V m <-> V & & and F m n <-> are explicitly described as 
follows: 

V - = T/" 1 (TO- V- = (T - V - 

1 -a 
= (^*«)^ ' = (^mft) • (A-9) 

More generally, it holds 

(r A Mr%^ = 2(e^F 3J + epF^ - e &s F $ . - e $ .F &s ) . (A.10) 
These results follow from the identities 

£ &/3yS = £ a/3 £ 7<5 + £ &J £ S/3 + £ &8 £ ' $j ' 

( rm )<i/3 (T m )^ = e & p - 2e & *f + 2e & ~ s , (ATI) 

which imply 

£ &j3j5 ~ o ^ (^m)^ + 2 £<3: /3 £ 7$ ' (A. 12) 

with e^^Aj the completely antisymmetric fourth-rank tensor. Complex conjugation gives 

M* = > W = ^ > W = F&$ > (A.13) 
provided V m and F mn are real. 

We often make use of the completely antisymmetric tensor £ a g^g that is normalized 
as £01235 = — e 01235 = 1 and possesses the property 

^e^V** = -24^4^4 = ~^tm4 = - 24 4444] • (A- 14) 

It is useful to tabulate the products of several gamma-matrices (IA.2I) . Making use of 
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(1 A. T|) gives 



T a P = -rj ab l - 2£ a6 , (A.15a) 
r a r S r c = (-jj&rfd + rf&rf* _ rf*rf*) + E & , (A. 15b) 

papbpcpd = ^ab^cd _ + rj&dyjbc^ _ £ abcde p„ + 2f] db ^cd 

_ 2rj ac ^bd + 2r] bc j,ad + 27] dc S a6 _ ^0% ^ac + ^da^bc ? (A.15c) 
papSpcpdpe _ £ abcde j _j_ p a ^^^de _ r^d^ce _|_ r jCd^be\ 

+r S (-?f V a + rf*rf h - if if) + ^{^rf - rf h rf + 77^77*) 

_|_r^(_^ea^6c _|_ ^eb^ac _ ^ab^ec^ _|_ pe^ab^cd _ ^cd^bd _|_ ^bc^ad^ 

I r) dbcdm sp e db cdemh sp , cd bdemh y be dderhh y-i 

da bcerhh y 1 , db dcerhh sp dc dberhn sp I A 1 U\ 

7 c, ^mn T '/ & ^mn — '/ £ ^mfi • ^/V.IOQJ 

In conclusion, we give a useful relation often used in the paper. It is 

£ abcde(r C )ap(^ jde )*,S = ^ £ &fi(^db)^ + 2£ 7a(^a&)/3<5 + 2e 5a (^ab)/3 7 

-2^(S a g)^ - 2e^(S aS )^ . (A.16) 
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